Abstract. In [3, 9] , using the theory of noncommutative Dirichlet forms in the sense of Cipriani [6] and the symmetric embedding map, authors constructed the KMS-symmetric Markovian semigroup {S t } t≥0 on a von Neumann algebra M with an admissible function f and an operator x ∈ M. We give a sufficient and necessary condition for x so that the semigroup {S t } t≥0 acts separately on diagonal and off-diagonal operators with respect to a basis and study some results.
Introduction
A quantum Markov semigroup on the algebra L(h) of all bounded operators on a complex separable Hilbert space h is a semigroup {S t } t≥0 of completely positive, identity preserving and normal maps on L(h) [6] . Quantum Markov semigroups are the natural generalization of classical Markov semigroups and were introduced in physics to model the decay equilibrium of quantum open systems [1, 2, 3, 6, 7, 9, 10] . Many mathematicians and physicists have been interested to the problems whether quantum Markov semigroups on the subalgebra have their extensions on the full algebra [1, 5, 8] . These semigroups acts separately on diagonal and off-diagonal bounded operators with respect to the chosen basis.
Let M be a von Neumann algebra acting on a complex Hilbert space H and ξ 0 be a fixed cyclic and separating vector for M. Let ∆ and σ t be the modular operator and the modular group associated with the pair (M, ξ 0 ), respectively [4] . Consider the symmetric embedding map:
In [3, 9] , using the theory of noncommutative Dirichlet forms in the sense of Cipriani [6] , authors constructed the symmetric Markovian semigroup {T t } t≥0 on the standard forms of the von Neumann algebra M, and by the symmetric embedding map i 0 , the KMS-symmetric Markovian semigroup {S t } t≥0 on M: i 0 • S t = T t • i 0 . Concretely, for a fixed admissible function f and x ∈ M, x = x 1 + ix 2 , x * k = x k , k = 1, 2 satisfying suitable conditions, they constructed the KMS-symmetric Markovian semigroup {S t } with the generator G on M:
where
and
In this paper, we consider the faithful, normal, semifinite trace Tr on L(h). The Hilbert-Schmidt class L 2 (h) is a Hilbert space with the inner product,
be an orthonormal basis of h. Let ρ, ω and ξ 0 be a strictly positive density matrix, the corresponding normal state and the corresponding cyclic and separating vector, respectively:
The purpose of this paper is to find a sufficient and necessary condition for x ∈ M used to construct the semigroup {S t } t≥0 on M so that the semigroup acts separately on diagonal and off-diagonal operators with respect to this basis and, as an application, study the KMS-symmetric Markovian semigroup {S t } t≥0 which is ρ−invariant. This paper is organized as follows. In Section 2, we introduce a necessary terminologies and the generator of KMS-symmetric Markovian semigroup on M constructed in [3, 9] . In Section 3, we give our main results and proofs.
The quantum Markov semigroup
In this section, we introduce some terminologies and the generator of KMSsymmetric Markovian semigroup on M constructed in [3, 9] .
Let M be a σ-finite von Neumann algebra acting on a complex Hilbert space H with an inner product ·, · . Let ξ 0 ∈ H be a cyclic and separating vector for M. We use ∆ and J to denote respectively, the modular operator and the modular conjugation associated with the pair (M, ξ 0 ). The associated modular automorphism group is denoted by σ t :
The positive cone P associated with the pair (M, ξ 0 ) is the closure of the set {Aj(A)ξ 0 : A ∈ M}. P can be obtained by the closure of the set {∆ 1/4 A * Aξ 0 : A ∈ M} and is self-dual in the sense that {ξ ∈ H : ξ, η ≥ 0, ∀η ∈ P} = P.
For the details we refer [6] and Section 2.5 of [4] . The form (M, H, P, J) is the standard form associated with the pair (M, ξ 0 ). The Hilbert space H is the complexification of the real subspace H J := {ξ ∈ H : ξ, η ∈ R, ∀η ∈ P}, whose elements are called J-real: H = H J ⊕ iH J . Such a positive cone P gives a rise to a structure of ordered Hilbert space on H J (denoted by ≤) and an anti-
J can be decomposed uniquely as a difference of two orthogonal, positive elements, called the positive and the negative part of ξ:
, is a closed convex subset of H, and we denote the nearest point projection onto [0,
Let M 0 ⊂ M be the * -subalgebra of the σ t -entire analytic elements [4] and
Consider the semigroup {S t } t≥0 of everywhere defined linear maps on M. A semigroup {S t } t≥0 is said to be KMS-symmetric if for all t ∈ R and for all A, B ∈ M 0 , one has
A semigroup {S t } t≥0 is said to be Markovian if S t is positive preserving and S t (1) = 1 for all t ≥ 0.
Next, we consider a complex valued, closed, positive sesquilinear form on some linear manifold of H :
, and also the associated quadratic form:
A closed Markovian form is called a Dirichlet form.
For a positive closed form (E, D(E)), there exists a positive self-adjoint operator (H, D(H)) such that
and a strongly continuous, symmetric semigroup {T t } t≥0 , T t = e −tH . Moreover, when (E, D(E)) is a Dirichlet form, H is called a Dirichlet operator. For the details, see Section 3.1 of [4] .
In [9] , the author has used the notion of admissible function to construct Dirichlet forms. 
there exist M > 0 and p > 1 such that the bound
The function g(t) given by
is admissible. See the proof of Lemma 3.1 of [9] . Using a fixed admissible function f and x ∈ M satisfying the condition sup
|| σ t+is (x) || ≤ M for some M > 0 uniformly t ∈ R, the following (bounded) Dirichlet form (E, H) was constructed in [3, 9] :
for any η, ξ ∈ H. Thus the (bounded) Dirichlet operator H associated with (E, H) is
Notice that j(B) = JBJ ∈ M and JBξ 0 = ∆ 1/2 B * ξ 0 for any B ∈ M. Using the symmetric embedding map, define the operator G on M given by
and the semigroup S t = e −tG on M. Then
The operator G is a generator of the KMS-symmetric Markovian semigroup {S t } associated to x ∈ M. See Remark 2.1 of [3] and Theorem 2.12 of [6] .
Invariant subspaces
In this section we give the sufficient and necessary conditions for x used to construct the semigroup {S t } in Section 2 so that the semigroup acts separately on diagonal and off-diagonal operators with respect to a basis, and study some results.
Let h be a complex separable Hilbert space and let L(h) be the von Neumann algebra of all bounded operators on h. The faithful, normal, semifinite trace on L(h) is denoted by Tr. The Hilbert-Schmidt class L 2 (h) is a Hilbert space with the inner product ξ, η = Tr(ξ
where L x is the left multiplication operator,
consisting of nonnegative HilbertSchmidt operators is a self-dual cone in the sense that
standard form for L(h).
The following notation remains highly convenient. For vectors e, f ∈ h, let |e f | denote the operator on h given by |e f |v = f, v e. Thus |e f | is one rank operator on h and so |e f | ∈ L(h).
The action of the associated modular operator and the modular group are given by
Since π L is a monomorphism, we identify M = L ∞ with L(h). We will write the above second term as σ t (x) = ρ it xρ −it . Consider a fixed element x ∈ M such that
x lm |e m e l |, x lm ∈ C, and let
y lm |e m e l |,
z lm |e m e l |.
In case sup l Card({m|x lm = 0}) < ∞, the assumption (3. 
Proof. This is clear from (3.3).
Applying Lemma 3.1 to (2.5), we have the concrete action of the generator G:
Now we fix the admissible function f given by
where g is defined as in (2. for any p ∈ R. Applying (3.5) to (3.4) , the generator G can be written as, for A = |e k e n |,
Consider two conditions for the sequence {x lm } l,m≥0 of the complex numbers:
for all k. Proof. Suppose that there exist three nonzero elements x kl1 , x kl2 , x kl3 such that l 1 , l 2 , l 3 ( = k) are mutually different. It follows from (3.7) that we have
, which implies
This is a contradiction. There does not exist nonzero elements
The other part will be proved similarly.
By Lemma 3.2, rearranging the orthonormal basis {e k } k≥0 , the operator x satisfying (3.7) can be expressed as the following matrix form:
We call the operator of M of the form k≥0 w k |e k e k |, w k ∈ C the diagonal operator and x ∈ M satisfying Tr(x|e n e n |) = 0 for all n the off-diagonal operator. Let M d be the (diagonal) subalgebra consisting of the diagonal operators and M od the space of off-diagonal elements. Every operator in M is expressed as the sum of the diagonal operator and off-diagonal operator. Theorem 3.3. Let x = l,m≥0 x lm |e m e l | satisfy the assumption (3.2) and {S t } t≥0 be the semigroup with generator G in (3.6) (and (3.4) ). x satisfies two Notice that the semigroup {S t } ≥0 is a KMS-symmetric semigroup on M (see (2.1)) and S t (1) = 1 for all t ≥ 0, and so {S t } t≥0 is ρ-invariant in the sense that Tr(ρS t (A)) = Tr(ρA), A ∈ M. 
